Synchronization has great impacts in various fields such as self-clocking, communication, neural networks, etc. Here we present a mechanism of synchronization for two mechanical modes in two coupled optomechanical resonators by introducing the so-called PT -symmetric structure. It is shown that the degree of synchronization between the two far-off-resonant mechanical modes can be increased by decreasing the coupling strength between the two optomechanical resonators. Additionally, when we consider the stochastic noises in the optomechanical resonators, we find that more noises can enhance the degree of synchronization of the system under particular parameter regime. Our results open up the new dimension of research for PT -symmetric systems and synchronization.
Introduction.-Synchronization is a phenomenon in which two or more systems coordinate and act in the same time with similar behavior. It can be extensively observed in our daily life, such as the chorusing of crickets, flash of fireflies, applauding of audiences, pendulum clocks, firing neurons, and even the life cycle of creatures [1, 2] . As synchronization is a qualitative transition that the rhythms of two or more different objects are adjusted in unison, it also attracts great interest and is widely applied to various fields, such as data communication, time keeping, navigation, cryptography, and neuroscience [3] [4] [5] [6] [7] [8] .
Due to the recent developments of nano-fabrication techniques, especially those for high-quality-factor onchip optomechanical resonators [9] , it is possible to demonstrate synchronization in on-chip nano-scale platforms [10] [11] [12] [13] [14] . For example, in Ref. [12] , a pair of closely placed optomechanical resonators with different mechanical frequencies were synchronized by indirect coupling through the coupled optical fields. In Ref. [13] , two nanomechanical oscillators separated for about 80 µm were synchronized through the same optical field in an optical racetrack. Moreover, in Ref. [14] , master-slave frequency locking was realized between two separated optomechanical oscillators (3.2 km apart) through the light.
In this paper, we show that mechanical oscillations can be synchronized by optomechanical couplings to two coupled optical modes, in which one is active and the other one is passive. Such kinds of systems are called paritytime (PT )-symmetric optomechanical systems, which have attracted great attentions in recent years [15] [16] [17] [18] [19] [20] , and various interesting phenomena have been observed in the systems with PT -symmetric structure . By * Electronic address: yuxiliu@mail.tsinghua.edu.cn † Electronic address: jing-zhang@mail.tsinghua.edu.cn introducing the PT -symmetric structure, we observe an interesting phenomenon that the two mechanical modes of the coupled optomechanical resonators tend to oscillate in unison by decreasing the optical coupling strength between them. This observation somewhat conflicts with the normal phenomenon that: the stronger coupling strength between two systems is, the easier the synchronization can be realized. Another counterintuitive phenomenon is observed when we consider the noises acting on the optomechanical resonators. It is shown that more noises will benefit the synchronization process between the two mechanical modes of these two optomechanical resonators.
Synchronization via PT -symmetry.-As shown in Fig. 1(a) , the system we consider here consists of two coupled whispering-gallery-mode (WGM) resonators. The left WGM resonator (µC 1 ) is an active one which can be realized, e.g., by Er 3+ -doped silica disk, and the right one (µC 2 ) is a passive resonator. Each resonator supports an optical mode α i and a mechanical mode β i (i = 1, 2), and the optical coupling strength between α 1 and α 2 is κ. As is well known, although the two mechanical modes β 1 and β 2 , located in two different resonators, are not directly coupled, these two mechanical modes can be indirectly coupled through the inter-cavity optical coupling and the intra-cavity optomechanical coupling. We elaborate this indirect mechanical coupling in Fig. 1(b) . Each WGM resonator is equivalent to a Fabry-Perot cavity, with one fixed mirror and one movable one. The optical modes α 1 and α 2 represent the optical fields in the Fabry-Perot cavities and the mechanical modes β 1 and β 2 indicate the motions of the movable mirrors. In each equivalent Fabry-Perot cavity, the movable mirror suffers a radiation-pressure force induced by the optical mode α i (i=1,2). Such a force is proportional to the circulating optical intensity |α i | 2 in the cavity, which leads to the mechanical motion β i . In the meanwhile, the movable mirror induces a frequency-shift of the optical mode in the cavity, which influences the dynamics of α i . In Fig. 1(b) , α 1 (α 2 ) and β 1 (β 2 ) interact with each other through this kind of radiation-pressure coupling, and α 1 and α 2 are coupled through the evanescent optical fields. Therefore, the mechanical modes β 1 and β 2 are coupled indirectly by the evanescent optical coupling between α 1 and α 2 . The PT -optomechanical system we consider can be represented by the following equations:
where
, and ǫ i (i = 1, 2) denote the gain (loss) rate of the resonator µC i , the external damping rate induced by the coupling between the resonator and the input/output fiber-taper, the detuning frequency between the resonance frequency (ω ci ) of the cavity mode and the frequency (ω L ) of the driving field, and the amplitude of the driving field, respectively. Ω i and Γ mi represent the frequency and damping rate of the mechanical mode β i . To simplify our discussion, we assume that the gain cavity µC 1 and the lossy cavity µC 2 have the same optomechanical coupling strength g om . We also assume that the gain rate of µC 1 is equal to the damping rate of µC 2 , i.e., γ 2 = γ 1 ≡ γ, which means that the gain and loss in the system are well balanced. Additionally, we consider the case of critical coupling such that γ 1ex = γ 2ex = γ/2, under which there exists a phase transition point, called exceptional point (EP), corresponding to a critical intercavity coupling strength κ EP = γ. When κ > κ EP which is in so-called PT -symmetric regime, there exist two nondegenerate optical supermodes with the same damping rate. When κ ≤ κ EP which is in so-called broken PTsymmetric regime, the two optical supermodes are degenerate but with different damping rates. When the system is far away from EP, the interaction between the optical supermodes and mechanical modes, i.e. the effective radiation-pressure coupling in the supermode picture, is weak. However, this kind of interaction will be greatly enhanced as κ approaches to κ EP . This results from the amplification of the optomechanical nonlinearity in the vicinity of the exceptional point [16] [17] [18] [19] . When the degrees of freedom of the optical modes is adiabatically eliminated under the condition that the optical decay rates are much larger than the mechanical decay rates, such an enhanced optomechanical nonlinearity will induce significant effective frequency shifts δΩ 1 and δΩ 2 for the mechanical modes β 1 and β 2 in the vicinity of EP. In fact, under the condition that g om ≪ |∆ 1 − ∆ 2 | ≪ κ, γ and ǫ 1 = ǫ 2 ≡ ǫ, δΩ 1 and δΩ 2 near EP can be written as
where ∆ − = ∆ 2 − ∆ 1 . Given the system parameters γ = 30 MHz, ∆ 1 = 4.2 MHz, ∆ 2 = 5 MHz, Ω 1 = 5 MHz, Ω 2 = 15 MHz, Γ m1 = 8 kHz, Γ m2 = 8 kHz, g om = 3 kHz, and ǫ = 70 MHz 1/2 , we show in Fig. 2 (a) the effective mechanical frequencies Ω 1,eff = Ω 1 + δΩ 1 (red-solid curve) and Ω 2,eff = Ω 2 + δΩ 2 (blue-dashed curve) of the two resonators versus the optical coupling strength κ, both in broken-PT -symmetric and PT -symmetric regimes. When the system is far away from the exceptional point, the optomechanics-induced mechanical frequency shift δΩ i is negligible. However, δΩ i will be greatly enhanced such that δΩ i is almost comparable with or even larger than Ω i , when κ approaches to κ EP . These enhanced frequency shifts for the mechanical modes lead to significant modifications of mechanical frequencies Ω 1 and Ω 2 , which then make the two mechanical oscillators tend to be resonant with each other, i.e., Ω 1,eff = Ω 2,eff , and thus synchronize. As is well known, the frequency-mismatch between two synchronized oscillators should be very small in traditional lossy systems [11, 12] , i.e., |Ω 1 − Ω 2 | ≪ Ω 1 , Ω 2 . However, as shown in Fig. 2 , our PT -symmetric system can perfectly synchronize two far-off-resonant mechanical oscillators. In fact, as shown in Fig. 2(a) , the effective mechanical frequencies of the two optomechanical resonators Ω 1,eff and Ω 2,eff coincide with each other when κ approaches to κ EP .
In addition, we find an anti-intuitive phenomenon that weaker coupling between two optomechanical resonators may be helpful for synchronization for our PT optomechanical system. In fact, as shown in Fig. 2(a) , in the PT -symmetric regime (the pink region), when the coupling strength κ between two resonators is decreased, the effective mechanical frequencies of the two resonators tend to coincide with each other, which means that β 1 and β 2 are inclined to oscillate in unison with weaker coupling strength κ in the PT -symmetric regime. The broken-PT -symmetric regime is the normal regime where stronger coupling between the two optomechanical resonators make the two mechanical modes β 1 and β 2 be inclined to be synchronized. We can more easily see this phenomenon by plotting the spectra of the normalized mechanical displacements of the two optomechanical resonators x 1 = (β 1 + β * 1 )/2 (the red solid curve) and x 2 = (β 2 + β * Fig. 2(c) , with the increase of the inter-cavity coupling strength κ in the broken-PT -symmetric regime, the Lorentz spectra of x 1 (the red-solid curve) and x 2 (the blue-dashed curve) get closer and finally coincide with each other, which means that the two mechanical modes are resonant. However, contrary to our intuition, the resonant peaks of x 1 and x 2 get closer with decreasing κ in the PT -symmetric regime as shown in Fig. 2(d) . This anti-intuitive phenomenon comes from the fact that synchronization only takes place when we approach EP for two far-off-resonant mechanical modes. In fact, as shown in Eq. (2), the optomechanically-induced mechanical frequency-shifts depend not only on the optical coupling strength κ but also on the optomechanical coupling strength. When we approach EP in the PT -symmetric regime, the effective optomechanical coupling strength will be greatly enhanced [16] [17] [18] [19] although the optical coupling strength κ is decreased. The increase of the effective optomechanical coupling strength compensates the decrease of the optical coupling strength, which finally leads to the great modification of the effective mechanical frequencies of the resonators.
We can also understand what we observe in another alternative way by which we can adiabatically eliminate the degrees of freedom of the optical modes and obtain an effective coupling strength κ mech between the two mechanical modes β 1 and β 2 as
As shown in Fig. 2(b) , κ mech takes maximum when the optical coupling strength approaches EP, under which a better synchronization effects can be obtained.
To give more insights into the phenomena shown by us, we plot in Fig. 3(a) the cross-correlation function M cc between the two mechanical displacements x 1 and x 2 with 25 30 35 Optical coupling (MHz) 5 10 15 Mechanical frequency (MHz) 25 30 35 Optical coupling (MHz) 
As shown in Fig. 3(a) , in the PT -symmetric regime, smaller κ induces higher value of M cc (the red solid curve), and M cc reaches the maximum value (the unit) as κ decreases and approaches EP, which means that the two mechanical displacements x 1 and x 2 tend to be synchronized with the decrease of the inter-cavity coupling strength. However, in the broken-PT symmetric regime (the blue dashed curve), the cross-correlation function increases and tends to unit with the increase of κ, which means that stronger inter-cavity coupling strength will be helpful for synchronization as we expect. Noise-enhanced synchronization.-We now study the effects of the stochastic noises on our PT -symmetric system. Two independently-identically-distributed Gaussian white noises ξ 1,2 are introduced for the two optical modes α 1,2 , such that ξ i (t) ξ j (t + τ ) = 2Dδ ij δ(τ ), where D is the intensity of the noises. We present the nu- It can be seen that M cc is enhanced with increasing noise intensity D both in broken-PT -symmetric and PT -symmetric regime, reaches the maximal values at particular noise level, and then decreases at higher noise intensity. It means that synchronization process may benefit from noises [44] [45] [46] [47] [48] [49] [50] [51] in our optomechanical PT -symmetric system. To interpret what we observe, we can see that the noise will randomly shift the frequencies of the mechanical modes, especially when we approach EP where the effects of noise are enhanced [52] [53] [54] [55] . Since the frequencies of the two mechanical modes are far-separated, these random frequency shifts may decrease the difference between the frequencies of the two mechanical modes in a certain probability with increasing noise strength D, and thus increase the cross-correlation function M cc . When we increase the noise strength D further, the noise will be strong enough to destroy the periodic oscillation of single mechanical oscillator, and thus decrease the degree of synchronization between the two mechanical oscillators. This interpretation can also be confirmed by checking the variance of M cc versus the noise strength D ( Fig. 3(b) ). The variance of M cc first increases with increasing noise strength D (note that M cc increases at the same time), which means that more noises enter the system although M cc is increased. The variance of M cc then decreases when we increase D further, because the value of M cc is too small in this case and the noise-induced fluctuations in M cc are suppressed. Furthermore, we consider the effects of the thermal noises in the two mechanical modes by calculating the normalized correlation function R between the two mechanical modes [56] (see supplementary II B). In the broken-PT -symmetric regime with optical coupling strength κ = 27.79 MHz, the normalized correlation function R is equal to 0.54, which is larger than 0.48 where we ignore the thermal noises. Similarly, in the PT -symmetric regime with optical coupling strength κ = 32.19 MHz, R is equal to 0.59 which is also larger than 0.51 where we ignore the thermal noises. This indicates that the thermal noises in the mechanical modes can also benefit the synchronization between the two mechanical modes in our optomechanical PT -symmetric system.
Conclusion.-We have shown that the mechanical motions of two coupled PT -symmetric optomechanical resonators with far-off-resonant mechanical frequencies can be synchronized when the system approaches EP. In particular, in the PT -symmetric regime, the two mechanical modes are easier to be synchronized with less optical coupling strength between the two optomechanical resonators. Additionally, it is shown that noises will be enhanced in the vicinity of EP in our system, and the enhanced noises will benefit the synchronization process if only the strengths of the noises are not too strong. Our study opens up new dimension of research for PTsymmetric optomechanical system for possible applications such as metrology, cooling, and communication. This supplement provides additional analysis and derivations on the following topics: (I) mechanism of the synchronization in PT -symmetric optomechanical system; (II) noise-enhanced synchronization in PT -symmetric optomechanical system.
I. MECHANISM OF SYNCHRONIZATION IN PT -SYMMETRIC OPTOMECHANICAL SYSTEM
The PT -symmetric optomechanical system considered is composed of two coupled optomechanical resonators. One of these two optomechanical resonators is with an active optical mode, and the other one is with a passive optical mode. The dynamical equations of the system can be written aṡ
where α 1 (α 2 ) is the active (passive) optical mode of the first (second) optomechanical resonator, and β 1 (β 2 ) is the corresponding mechanical mode. γ i is the gain or loss rate of the optical mode α i . ǫ i and ∆ i are the strength of the driving field and the detuning frequency between the driving field and the optical mode. Γ mi and Ω i correspond to the damping rate and frequency of the mechanical mode β i . κ is the coupling strength between two optical modes α 1 and α 2 . g om is the optomechanical coupling strength.
A. The optical structure of the PT -symmetric optomechanical system
By takingα 1,2 =β 1,2 = 0, we can obtain the stationary states of the optical and mechanical modes which satisfies the following equations
By solving the above equations and substituting these stationary states into Eq. (1), we havė
Based on Eq. (2), we can calculate the eigenfrequencies of the optical supermodes as
In our optomechanical system with balanced gain and loss, these eigenvalues can be approximated under the condition that
where γ 1 = γ 2 = γ. We can see from Eq. (3) that there exists a phase transition point, called exceptional point (EP), when κ = κ EP = γ. Under the strong intercavity coupling regime such that κ > κ EP , the real parts of the two eigenfrquencies ω o± are the same and the imaginary parts of ω o± are different, which corresponds to a mode-splitting of the optical supermodes with the same damping rates. We call it PT -symmetric regime. In contrast, when the intercavity coupling strength is weak enough such κ < κ EP , the real parts of ω o± are different while the imaginary parts of ω o± are the same, which corresponds to two degenerate optical supermodes with different damping rates. We call it broken-PT -symmetric regime. Given the system parameters γ 1 = γ It should be pointed out that the degeneracy of the optical supermodes at the exceptional point will be broken by the optomechanical coupling given by g om and the asymmetric optical detuning frequency ∆ − = |∆ 2 − ∆ 1 | = 0, as shown in Figs. 1 (a) and (b) . However, we can omit this non-degeneracy. In fact, if the gain and loss is balanced (γ 1 = γ 2 = γ), and we consider γ 1ex = γ 2ex = γ/2, ǫ 1 = ǫ 2 = ǫ, then based on the above derivation, it can be easily obtained that the non-degeneracy of the optical supermodes at the exceptional point can be approximated as
thus when
this non-degeneracy will be very small, and the purely optical part of the system can be approximated as a PTsymmetric structure. Hence, we treat this purely optical structure as an approximate PT -symmetric structure in our work. 
B. Indirectly coupled resonators by add-drop fibers
From the above analysis, we know that if the two directly coupled micro-resonators in our system have balanced loss and gain, i.e., γ 1 = γ 2 = γ, and considering the case of critical coupling such that γ 1ex = γ 2ex = γ/2, there exists an exceptional point at κ EP = γ in our system, and we can enter the PT -symmetric regime when κ > κ EP (see, e.g., the experimental results in Ref. However, if these two optical resonators are not directly coupled with each other. Instead, for example, they are indirectly coupled through add-drop optical fibers, as shown in Fig. 2 . Then the optical coupling strength between the two resonators cannot be larger than the external damping rate of each resonator, and thus the system cannot enter the PT -symmetric regime. To show this, let us see that dynamical equations of the system described in Fig. 2 can be expressed asα
From the input-output theory [2] , we know that
By substituting the above equations into Eq. (6), and omitting the optomechanical coupling terms under the condition that g om ≪ γ i , ∆ i , we can obtain the reduced dynamical equations of the optical modes aṡ
Here, we consider the case that loss and gain are balanced (γ 1 = γ 2 = γ), and ∆ 1 = ∆ 2 . Then the above dynamical equation Eq. (6) can be reduced tȯ
It can be seen that the optical coupling strength between the two resonators is κ = γ ex . This means that, in this case, the optical coupling strength cannot be larger than the external damping rate γ ex of each resonator, thus the system also cannot enter the PT -symmetric regime since κ = γ ex < γ.
C. The derivation of the reduced dynamical equation of the mechanical modes
Based on the dynamical equation in Eq.
(1), we can adiabatically eliminate the degrees of freedom of the optical modes, and derive the reduced dynamical equations of the mechanical modes. In fact, by rewriting the first two equations in Eq. (1) in matrix format, we have
The matrix M can be diagonalized as
and
Thus, we can introduce the following optical supermodes
by which Eq. (10) can be reexpressed as
To adiabatically eliminate the degrees of freedom of the optical modes, we letα + =α − = 0, by which we can obtain the following stationary solution
By introducing the power-series expansion and omitting high-order terms of β 1 and β 2 (g om ≪ |∆ 2 − ∆ 1 |), the above solutions can be simplified as
Thus, the stationary solutions of α 1 and α 2 can be expressed as
By substituting the above stationary solution into the dynamical equations of the mechanical modes β 1 and β 2 in Eq.
(1), and dropping the counter-rotating terms with β * 1,2 , the dynamical equation of reduced mechanical system can be expressed in the matrix format as β 1
D. The optomechanics-induced effective mechanical frequency shifts and mechanical coupling
Let us assume that the gain and loss are well-balanced such that γ 1 = γ 2 ≡ γ and consider the critical coupling case such that γ 1ex = γ 2ex = γ/2. When g om ≪ |∆ 1 − ∆ 2 | ≪ κ, γ and ǫ 1 = ǫ 2 ≡ ǫ, the two mechanical frequency shifts δΩ 1,2 can be simplified as
where ∆ − = ∆ 2 − ∆ 1 . From Eq. (17), it can be seen that the mechanical frequency shifts will be greatly improved in the vicinity of EP. Given the system parameters in section I A, we show the optomechanics-induced mechanical frequency shifts δΩ 1,2 in Fig. 3 (a) . When the system is far away from EP, the mechanical frequency shifts δΩ 1 (red solid line) and δΩ 2 (red dashed line) are very small, and can be omitted in comparison to the mechanical frequencies Ω 1,2 . However, both frequency shifts δΩ 1 and δΩ 2 will be greatly amplified in the vicinity of EP, which will modify the mechanical frequencies Ω 1,2 such that Ω 1 + δΩ 1 = Ω 2 + δΩ 2 . As shown in Fig. 3 (a) , in the PT -symmetric regime of the optical modes, these mechanical frequency shifts are enhanced with the decrease of the optical coupling strength κ, which means that smaller coupling strength κ between two optical modes is better for synchronization. In addition, as shown in Fig. 3 (a) , the difference between the detuning frequencies of the two optical modes, i.e., |∆ 2 − ∆ 1 |, significantly influences the amplification effects of the mechanical frequency shifts δΩ 1,2 when the system is around EP. By fixing ∆ 2 = 5 MHz, we plot the curves of δΩ 1,2 for different ∆ 1 . We can see that the mechanical frequency shifts δΩ 1,2 are greatly enhanced with the decrease of |∆ 2 − ∆ 1 | in the vicinity of EP. Under the assumptions that γ 1 = γ 2 ≡ γ, γ 1ex = γ 2ex = γ/2, |∆ 1 − ∆ 2 | ≪ κ, γ, and ǫ 1 = ǫ 2 ≡ ǫ, the strength of the effective mechanical coupling can be simplified as
and thus the effective mechanical coupling will be greatly amplified in the vicinity of EP. We then plot the curves of the effective mechanical coupling strength κ mech versus the optical coupling strength κ in Fig. 3 (b) . Here we also fix ∆ 2 = 5 MHz and tune the detuning frequency ∆ 1 . It can be seen that the effective mechanical coupling strength κ mech is significantly enhanced in the vicinity of EP. Therefore, in the PT -symmetric regime of the optical modes, weaker optical coupling strength leads to stronger effective mechanical coupling strength, and thus may be helpful for the synchronization between the two mechanical modes. It is also shown that the degree of amplification of κ mech is extensively enhanced with the decreasing of |∆ 2 − ∆ 1 | in the vicinity of EP. The effective mechanical coupling strength κ mech between the two mechanical modes versus the optical coupling strength κ. Here, we fix ∆2 = 5 MHz and plot the curves of κ mech for different ∆1. It can be seen that κ mech is also significantly amplified in the vicinity of EP and the amplification effects are improved with the decrease of |∆2 − ∆1|.
E. The influence of the effective mechanical coupling on synchronization
In this part we discuss the positive effect of the enhancement of the effective mechanical coupling κ mech on the synchronization between mechanical modes, i.e., the stronger the κ mech is, the easier the synchronization is. For simplicity and clarity, we re-express the dynamical equation in Eq. (15) by using the differential operator format as follows
where D represents the differential operator. By eliminating the degree of freedom of β 2 , we can derive the dynamical equation of β 1 , and then obtain the characteristic equation of this coupled system as follows
Here, we consider Γ m1 = Γ m2 . Thus the roots of this characteristic equation can be expressed as
It can be easily seen that in the weak coupling regime such that κ mech < Ω Ave− , the vibration frequencies of the mechanical modes β 1,2 are close to each other with the increase of the effective coupling strength κ mech , which means that the degree of synchronization between the two mechanical modes increases with the increase of κ mech . At the critical point such that κ mech = Ω Ave− , the two oscillators will have the same vibration frequency Ω Ave+ , which means that these two mechanical modes are with frequency synchronization, i.e., the frequencies of the two mechanical modes are equal to each other. It is shown that a stronger effective mechanical coupling strength can improve the degree of the synchronization between mechanical modes in our system, and finally leads to the frequency synchronization when the effective mechanical coupling is strong enough.
It can be further shown that the two mechanical modes can be in a complete synchronization, i.e., the position and speed of these two mechanical modes completely coincide with each other, when the effective mechanical coupling strength κ mech is strong enough. To show this, we rewrite the dynamical equation (15) as followṡ
Let us then define e − = β 1 − β 2 , thus the dynamical equation of e − can be expressed aṡ
It can be shown from the above equation that e − = β 1 − β 2 tends to zero when the time tends to infinity. Note that the real parts and the imaginary parts of β 1 and β 2 are the positions and momenta of the corresponding mechanical resonators. Thus, we can see that the positions and momenta of the two mechanical resonators coincide with each other in the long time limit, which means that the two mechanical resonators are with complete synchronization.
F. The enhancement of the effective optomechanical interaction
In our PT -symmetric optomechanical system, there exists an enhancement of the effective optomechanical interaction due to the topological-singularity-induced amplification of optomechanical nonlinearity in the vicinity of the exceptional point [5] . This enhanced optomechanical interaction then leads to the amplifications of the optomechanics-induced mechanical frequency shifts δΩ 1,2 and the effective mechanical coupling strength κ mech . Since the optomechanics-induced mechanical frequency shifts can directly change the frequency of the mechanical modes, and the increased effective mechanical coupling can also benefit the synchronization of the mechanical modes, thus the synchronization between far-off-resonant mechanical modes can be realized with sufficiently large optomechanical interaction strength. In the PT -symmetric regime, the system approaches to the exceptional point with the decrease of optical coupling strength κ, which results in an enhancement of the optomechanical coupling and thus compensates the reduction of the optical coupling strength. In the following part of this subsection, we will discuss this enhanced effective optomechanical interaction in our PT -symmetric optomechanical system. Optical coupling strength (MHz) 11 22 Linear regime Linear regime Non-linear regime The effective optomechanical coupling strength g eff versus the optical coupling strength κ. In the green area, the system is far away from EP, and the effective optomechanical coupling strength g eff is linearly dependent on κ. In the pink area, the system is in the vicinity of EP, and in this case, g eff changes nonlinearly with κ.
In our optomechanical system, the interaction Hamiltonian between optical modes and mechanical modes can be expressed as
where a 1 (a 2 ) and b 1 (b 2 ) represent the annihilation operator of the optical mode and mechanical mode in the active (passive) resonator, respectively, and g om is the optomechanical coupling strength. If we re-write this interaction Hamiltonian H int in the optical supermodes picture, then the effective optomechanical coupling strength g eff between optical supermodes and mechanical modes can be expressed as
Since ∆ − = |∆ 2 −∆ 1 | ≪ κ, γ, the effective optomechanical coupling strength g eff can be greatly amplified in the vicinity of EP when κ → γ. This means that in this case the effective optomechanical coupling strength g eff can be greatly enhanced. Given the parameters in section I A, we can obtain the simulation results of the effective optomechanical coupling strength g eff versus the optical coupling strength κ, as shown in Fig. 4 . When the optical coupling strength κ is far away from the exceptional point, i.e., in the green area in Fig. 4 , the effective optomechanical coupling strength changes linearly with the optical coupling strength κ. However, in the pink area, g eff increases very fast when the system approaches to EP, which means that in this regime the optomechanical interaction can be greatly amplified. In addition, by comparing Eq. (23) with Eq. (17) and Eq. (18), we can find that |δΩ 1,2 | ∝ g 4 eff |f 1 (κ, γ, ǫ, g om , ∆ − )|, and κ mech ∝ g 4 eff |f 2 (κ, γ, ǫ, g om , ∆ − )|, which means that the enhanced optomechanical coupling strength can lead to improvements of the optomechanics-induced mechanical frequency shifts and the effective mechanical coupling in the vicinity of EP.
G. The difference between active PT -symmetric system and passive system with EP for synchronization Based on the previous discussion, we know that in the discussed gain-loss balanced PT -symmetric optomechanical system, there exists amplifications of the optomechanics-induced mechanical frequency shifts and effective mechanical coupling strength in the vicinity of exceptional point. However, if this PT -symmetric system is replaced by a passive coupled system with an exceptional point, i.e., the active resonator in the discussed PT -symmetric system is replaced by a passive resonator, the two far-detuned mechanical modes in this system cannot synchronize with each other. To show this, we can easily obtain the dynamical equations of the system by replacing the optical damping γ 1 in Eq. (1) with −γ 1α
Under the assumptions that √ 2γ 1ex ǫ 1 = √ 2γ 2ex ǫ 2 = ǫ, and ∆ 1,2 , |∆ 2 − ∆ 1 | ≪ κ, γ 1,2 , the optomechanics-induced mechanical frequency shifts δΩ 1,2 and the effective mechanical coupling κ mech can be approximately expressed as
where ∆ + = (∆ 1 + ∆ 2 )/2 and ∆ − = ∆ 2 − ∆ 1 . As ∆ − ≪ κ, γ 1,2 and g om is very tiny, δΩ 1,2 and κ mech are very small. This implies that in this passive system with an exceptional point, the amplifications of mechanical frequency shifts and effective mechanical coupling are not strong enough. Thus these two mechanical modes with far-off-resonant mechanical frequencies cannot be synchronized. In addition, if the balance between gain and loss is broken in our PT -symmetric system, i.e., Γ − = |γ 1 − γ 2 |/2 = 0, the synchronization between the two mechanical modes will be suppressed. In fact, when the balance between gain and loss is broken, the mechanical frequency shifts δΩ 1,2 and the effective mechanical coupling κ mech can be expressed as
Therefore, with the increase of Γ − , the amplification effects of the mechanical frequency shifts and the effective mechanical coupling strength will be suppressed. Given the parameters in section I A, we show the mechanical frequency shifts δΩ 1,2 and the effective mechanical coupling strength κ mech with different Γ − in Figs. 5 (a), (b) , and (c), respectively. It can be clearly seen that the amplifications of the mechanical frequency shifts and the effective mechanical coupling strength are seriously suppressed when Γ − is large, thus the synchronization between the two mechanical modes with far-off-resonant cannot be realized. Optical coupling strength (MHz) We then consider the case that there exist white noises in the optical modes. Thus, Eq. (1) can be reexpressed aṡ
where x i = (β i + β * i )/2 is the mechanical displacement of the resonator µC i . ξ 1 (t) and ξ 2 (t) are two independent identically distributed Gaussian white noises acting on the optical modes α 1 and α 2 satisfying ξ i (t)ξ j (t + τ ) = 2Dδ ij δ(τ ), where D is the strength of the white noises and · is the ensemble average over the stochastic noises. To give more insights for synchronization with noises in our PT -symmetric optomechanical system, we show additional analysis of another index of synchronization-the Kramers rate, which is more suitable to describe noisy synchronized systems.
The Kramers rates of two subsystems are alternative indices to show the correlation between two subsystems. When the Kramers rates of two subsystems coincide with each other, the two subsystems are well correlated [7] . We then calculate the Kramers rates r 1 and r 2 of the mechanical displacements x 1 and x 2 , respectively. The Kramers rate is originally defined as the transition rate between neighboring potential wells of a particle caused by stochastic forces, which was first proposed by Kramers in 1940 [8] . It can be calculated by the following equation [9] 
where ω 2 r1 = U ′′ (x a )/m is the squared angular frequency at the potential minima x a and x c , and ω 2 r2 = |U ′′ (x b )|/m is the squared angular frequency of the potential at the potential barrier x b , U (x) and ∆U represent the potential of the particle and the height of the potential barrier, respectively, as shown in Fig. 6 . m and γ v are the mass and the viscous friction of the particle, and D is the stochastic noise strength. The Kramers rate of the particle is the transition rate between point A and point B (the minimal points of the potential wells) as shown in Fig. 6 , and thus is equal to the reciprocal of the transition time τ between point A and point B, i.e., r = 1/τ . Here, we use the mean first passage time [10, 11] , i.e., the average time that the particle moves from one potential well to the other well, to evaluate the Kramers rates r 1 and r 2 of mechanical displacements x 1 and x 2 . We obtain the histograms of x 1,2 through numerical simulation first, and then find out the locations x ia and x ic (i = 1, 2) with the maximum probability of x 1,2 , i.e., the potential wells of x 1,2 , based on the distribution of histograms, by which we can obtain the mean first passage times τ 1,2 , i.e., the average value of the time intervals between x ia and x ic . The Kramers rates r 1 and r 2 can then be calculated by the reciprocal of the mean first passage times τ 1,2 , i.e., r i = 1/τ i (i = 1, 2). The simulation results for r 1 and r 2 are presented in Fig. 7 . In Fig. 7(a) , the red solid curve and the blue dashed curve represent the trajectories of r 1 and r 2 with different values of noise intensity D in the broken-PT -symmetric regime, where the optical coupling strength is fixed as κ = 27.76 MHz. It can be seen that the Kramers rates of mechanical displacements x 1 and x 2 get closer with the increase of the noise intensity D. In the PT -symmetric regime as shown in Fig. 7(b) , similar phenomenon can be observed, i.e., the stochastic noises tend to decrease the difference between the Kramers rates r 1 and r 2 when the noise intensity is increased, where the optical coupling strength is fixed as κ = 32.19 MHz. These simulation results indicate that the partial frequencies of both mechanical displacements x 1 and x 2 tend to be consistent with each other when more noises are introduced into the PT -symmetric optomechanical system. It means that noises can improve the correlation between x 1 and x 2 .
B. Thermal noises in the mechanical modes
In the above analysis we do not consider the effects of the thermal noises in the mechanical modes. Actually, these thermal noises in the mechanical modes can also benefit the synchronization between the two mechanical modes in our PT -symmetric optomechanical system. In order to simplify our discussions, we assume that the thermal noises in the mechanical modes are white noises, based on which the Langevin equation of the mechanical modes can be It can be seen that the Kramers rates r1 and r2 get closer with the increase of the noise intensity, which means that the partial frequencies of the mechanical displacements x1 and x2 get closer when the noise intensity D is increased. It means that the stochastic noise can improve the correlation between x1 and x2.
expressed asβ 1 = −Γ m β 1 − iΩ 1 β 1 − iκ m β 2 + Γ noise1 (t),
where Γ noise1,2 are diffusion terms with δ-correlated Gaussian distributions, i.e., Γ noise i (t) = 0, Γ noise i (t)Γ noise j (t ′ ) = 4Γ m kT δ(t − t ′ ),
where k is the Boltzman's constant and T is the temperature. If we rewrite Eq. (29) by redefining
we have
where Γ 1 = Γ 3 = 0; Γ 2 = Γ noise1 ; and Γ 4 = Γ noise2 . The solution of the above equation can be expressed as
